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ABSTRACT

Estimation of wildlife population density is practically difficult because it requires considerable
investment of resources and time. However, population indices are easier to obtain but they are
mostly influenced by many unknown factors. Population indices and their relationships to actual
counts are usually unclear. Since predators play very important role in the population dynamics
of prey species it has been investigated in science that predators limit or regulate a prey
population within an ecological system. This paper attempts to provide a foundation on predator-
prey mathematical model using bifurcation analysis to describe the role that Pied crow, (Corvus
albus) play in the population dynamics of Straw-colored fruit bats, (Eidolon helvum) on the
University of Energy and Natural Resources campus in Sunyani. Bifurcation is used to analyze
the changes in qualitative structure of differential equations. The analysis confirms that at the
equilibrium point (0,0), of the two populations are stable using center manifold theory, all other
equilibrium points are unstable. It is therefore recommended that further application of the
analysis can be used to analyze other known populations where there is a predator-prey
relationship.
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1. INTRODUCTION

Accurate estimation of wildlife population density is practically difficult and requires
considerable investment of resources and time. However, population indices are easier to obtain
but they are mostly influenced by many unknown factors. Such indices and their relationships to
actual counts are usually unclear. Wildlife ecologists often find interpretations of population
indices difficult in situations where good information is needed quickly and at low cost.

Predation has been defined as individuals of one species living on individuals of another species
in the trophic level in a food chain (Taylor 1984). Predators play very important role in the
population dynamics of prey species and their dynamics have been investigated in science, yet
whether or not predators limit or regulate a prey population remains an issue that needs further
investigations within the ecological systems (e.g., Erlinge et al. 1984, Kidd and Lewis 1987,
Newsome et al. 1989, Sinclair 1989, Sinclair et al. 1990, Messier 1991, 1994, Skogland 1991,
Boutin 1992, Pech et al. 1992).
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Predation play a vital role in the dynamics of prey population, but the understanding and the
long-term issues involved are controversial. To understand of predator-prey relationships is
complicated by a multitude of factors in the environment and generally a lack of knowledge into
most ecological systems that operate within the ecosystem under consideration. Besides
predation, other factors may regulate or limit prey populations, and to some extent influence the
degree to which predation affects prey populations. Generational effects may go unnoticed to
create time lags that can affect the populations under study.

The process whereby predators feed on their preys has important implications on the impact
upon their prey populations. In the case where predatory pressures on the prey population
decrease, it will certainly occur with the numerical decline in predators when prey become too
scarce to support the predators (Knowlton and Stoddart, 1992).

This paper attempts to provide a foundation on predator-prey mathematical model using
bifurcation analysis to describe a study into the role that crows (Pied crow) play in the
population dynamics of Straw-colored fruit bats, (Eidolon helvum) on the University of Energy
and Natural Resources campus in Sunyani.

Bifurcation analysis is the study of changes in qualitative structure of differential equations. It
occurs when a small change in the parameter (population of the predator) causes a change in the
behavior of (prey) the solution.

For a differential equation system that contains parameters, a slight variation in a parameter has a
significant impact on the solution

This model will try to explain the relationship that can suggest reasons why the debate over the
influence of predators have on prey populations continues.

2. STUDY AREA

Sunyani is 400 m above sea level, and the University of Energy and Natural Resources is located
in the Sunyani West District Assembly. The climate is characteristic of the tropical humid zone
with two seasons, namely, harmattan and rainy season. Rainfall is bimodal with maximum
occurring in May-June and September — October, (Meteorological Services, 2014). It lies
between Latitudes 7°20'N and 7°05'N and Longitudes 2°30'W and 2°10'W, and shares
boundaries with Sunyani West District to the North, Dormaa District to the West, Asutifi District
to the South and Tano North District to the East. The University of Energy and Natural
Resources covers an area of 120 acres (48.564ha) lies along the Sunyani Berekum highway. It
shares a boundary with the Regional Administration and the closest community is Fiapre towards
Berekum. It is directly opposite the Seventh Day Adventist Secondary School and Hospital.

The campus is laid out with forest tree outgrowths, made up of indigenous tree species like
Ceiba pentandra, Triplochiton scleroxylon, and exotic plant species like Eucalyptus grandifolia,
Tectona grandis and Senna siamea (Agyei-Ohemeng, 2015).
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3. METHODOLOGY

In a predator- prey relationship we develop a mathematical model depicting this behavior in the
ecosystem. B represents the Prey population, H represents the Predator population, R represents
the Growth rate, K is the Carrying capacity, A shows the prey abundance, E represents the
Conversion of  Prey, D is  the Quadratic  closure coefficient  and
o 1s the Availability of tree coverage. Bifurcation analysis of a predator-prey population was
used to do the analysis using a hypothetical population situation to express a stable state of the
two populations in the ecosystem. Table 1 below gives a summary of the parameters and
variables been used in the model with their interpretations.

Table 1: Parameters and variables used in the model

Parameter Interpretation

B Prey population size

H Predator population size

R Growth rate

K Carrying capacity

C Consumption rate

A Prey abundance

E Conversion of prey

D Quadratic closure coefficient

a Availability of tree coverage
4. RESULTS

The equations (1) and (2) below shows the dynamics between the predator-prey in the
ecosystem.

g:rB(l—g)—(%)ﬂ ....................... (1)

The above equation (1) shows the dynamics of the prey population.

dH . ecHB
dt A%+ B2

The above equation (2) shows the dynamics of the predator population.

To begin with the analysis we solve for the equilibrium points.
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Solving we have:
(B1", Hi') = (0,0)

Dec(A%rk)
B2", H2) = (-4%rk
(B2, 2*) ( A2 [1+(rk)?] )
Dec[A%1+ kea+rAZk] )
AZ[1+1{rA%+2kco-2rA%k—rk 2 co— K co+ vkZAZ) ]+ kicPa

(Bs", H3") = (rA% + kero — rkA?,

Dec[k— AZ—E+ kA®
(B4, Hs) = (k — A% — kc—g + kA2 T ecl ]

)

2 2k
A2+{k[k— +r(Z }2+A2[ 242k +AZH T 247 CCF+ :m2)]}

In finding the Jacobian of the above model equations, it gives:

J(BY HY) = (er—rAz—srBL:cha 0 )

2ecHB+2DH?B ecB?—2DHA®+2HB?

For the first equilibrium point we get that
100)= (77 0)

J(B,H)— Al =0

1(0,0) = ( o) =0
(—rAZ =) (1) =0

The eigen values is given as
M= —1A?

ho=10

Since the Hartman globman’s theory fails we use center manifold to determine the stability

We let F(h) = B(t) =ax? + bx3 + ...

a8 _ (ax2 +bx3 +..) C(ax2 +bx3 +--)2
E—r(axz + bx3 + ...)(1— )— ( ) ....... (3)

a
k A%+ (ax2 + bx3 +-+)2

dB _ 9F dB
dr ~ ot dt
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doF
— = 2ax + 3bx%* + -
dt

g = (2ax + 3bx? + - )[r(ax2 + bx3 + ...) (1

(4

Comparing coefficients of (3) and (4) we get:

(ax2 +bx3 + ... }) ( C(ax2 + bx3 +---)2 ) ]
k A%+ (axZ +bx3 +--)7

_ —1lar _ —8r
T oee+22r' T B6+22r
lar ar
B(t) = — X — X2 — e 5
® 66+22r 66+22r (5)

Putting (5) into (2) gives a center manifold

16r 8r 2

ai _ eACge oo go ozt )
dt A% 4+ (- 16r ‘— 8r X2 — e )2
66+ 22r° 66 ¥ 22r
167 8r 2 3

ai _ ect (g5 3o * + g5z 22 ™+ 0% - )+DH2]
dt 167 8r z

2 _ — 2 _ ..

2+ (~gerzzr* ~se T2 )
a_y
dt

Therefore, at the equilibrium point (B1", H1") = (0,0), it is stable.
* _ {2rB—-rA®-3rB®—kcBa 0
J (B ! H*) - ( 2ecHB+2DH®E ecBZ—ZDHA2+2HBZ)

Let (B2, Hy') = (-A2rk D“{‘*Z”"}J) = (A,T)

"AZ[14(rk)2

* _ {2rA—rA%—3rAZ—kcAo 0 )
(B2, Hy) = ( 2ecTA+2DT2A  ecA?—2DTAZ+2TA?

J(B,H)— Al =0

2rA—rA? —3rA? —keAo — A 0 .
2ecTA+ 2DT2A ecA? — 2DTA2 + 2TA2 — 1)
(2rA —rA? — 3rA% — keAo — A)(ech? — 2DTA2+2IA2 — ) =0........... (6)
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Let Z=2rA—7rA? — 3rA? — keAo,Y = ecA? — 2DTA? + 2TA?
(Z— (Y- =0

ZY —ZA—YA+2%2=0

M—(Z+YV)A+ 2ZY=0

7 v Z—azy
_ —(z+v)+[(Z+v)T-azy

A= 5

_ —(Z+Y)—/ (Z+v)Z-azy

A= 5

For Z2 + Y2 + 2XY > 4ZY,
We get that:

(ec(—A%rk)? + 2T'(—A%rk)?) + (2DTA?)(rA% + 3r(—A%rk)? + 2DTA%) +
(2I'(=A%rk)*)(ec(—A%rk)? + 2I'(—A%rk)?)

+

4rA%(ec(—A%rk)? + 2T (—A%rk)?) + 12r(—A%rk)?(ec(—A%rk)? + 2T (—A%rk)?) +

2T (—A%rk)?) + (2A%rkr)

(A%rkkeo)

(24%1kr) + (rA?)(+ ec(—A%rk)? + 2I'(—A%rk)?) + (3r(—A%rk)?) (ec(—A*rk)* +
2I(—A%rk)?) + (A%rkkco)(ec(—A%rk)? + 2I'(—A%1rk)?) + (ec(—A%rk)*)(rA? +
3r(—A%rk)? + 2DTA%) + (2DTA?)(ec(—A%rk)? + 2I'(—A%rk)?) + RI'(—A%rk)?)(r4? +
3r(—A2rk)? + 2DTA?) + 8rA2(DTA?) + 24r(—A2rk)?(DrA2)

>

(24%rkr)(ec(—A%rk)? + 2I'(—A%rk)?) + (rA%)(A%rkkco) + B3r(—A%rk)?)(A*rkkcAo) +
(kcA?rko)(rA? + 3r(—A%rk)? + 2DTA%) + (ec(—A?1rk)?)(24%rkr) + (2DTA?)(2A%rkr +
A’rkkeco) + (2T(—A%rk)?)(24%rkr)

+ 161 A%rk(DTA?) + 4A%rkkco (ec(—A%rk)?) +

(24%rkr)(rA% + 3r(A%rk)? + 2DTA?) + (rA?)(24%rkr) +(3r(4%rk)?)((2A4%rkr)+
(A%rkkco)(24%rkr)

+ (ec(—A%rk)?)(A%rkkco) + (2DTA%)(2A%rkr) + (2T (—A%rk)?)(A%rkkeco)+
(8rA%rk)(ec(—A%rk)? + 2T (A%rk)?) + 84%rkkcao (DT A?)

Since the inequality hold, A1 and A2 will always be real numbers. Therefore either A1 >0, A< 0

or A1 <0, 42> 0, the equilibrium point (B2", H2") = (-4%rk Dec(a’rk)

'A2[1+[m]2]) will be an unstable point.
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* _ (2rB-rA2—3rB?—kcBa 0 )
J (B ) H*) - ( 2ecHB+2DH?B ecB?—2DHA®+2HB?

Dec[d?r+ kco+rAZk] )=
"A2[1 + r{r A% +2kco—2rA2k—rk2co—k2co+ rk2A)]+ k2%’

Let (Bs', Hs) = (rd%2+ kero — rkA?
(ILI)

] (Bs*, H3*) — (Zrl'[—r'Az—Srl'[z—kchr 0 )

2ecAll+2D %11 ecll?-2DJA%+2 0%

J(B,H)— Al =0

2rl1—rA? — 3r[12 — kcllo — A 0 0
2ec[l1 + 2DJ%TI ecll2 —2DJIA% + 2/IT12 — A

(2rll —rA? — 31112 — kcllo — A)(ecll> — 2DJA? + 2112 —A)=0............... (7)
Let (BsHd) = (k— A% — ¥7 ka2 Decli— 42—+ k) ) =

A r 'A2+{k[k—%%ﬂz{%]2+A2{—2+2k+A2+2§—2A2—2k¥+ k4?)} -
(M,N)

* _ {2rM—-rA®-3rBM® —kcMo 0

J(B4", Hs) = ( 2ecNM+2DN2M ecMz—ZDNA2+2NM2)

J(B,H)— Al =0

2rM —rA? — 3rBM? — kcMo — A 0 .
2ecNM + 2DN*M ecM? — 2DNA? + 2NM2 — 1)
(2rM —rA? —3rBM? — kcMo — A)(ecM? — 2DNA? + 2NM? —A)=0................. (8)

Solving (7) and (8) follows the same argument as (6) above.

Since the eigen values from (7) and (8) will result in either 41 >0, A2<0o0r A1 <0, 42> 0, the
equilibrium of (7) and (8) will be unstable.

Therefore (7) and (8) are unstable.

5. DISCUSSION

The University of Energy and Natural Resources in Sunyani, is unique in that it has a large
resident fruit bat colony on the campus. Despite the presence of the bats on the site since 2008,
ecological studies conducted by the author, indicate that the population of the bats fluctuate
monthly, and this has had a telling effect on the trees on the campus and its concomitant nuisance
on students and staff on campus. The ecological studies show that there are bats present on the
campus throughout the year (Agyei-Ohemeng 2013; 2015; 2016).
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Crows are the main predators on these bats, preying on their young and feeble bats. The crow
populations are high during the months of April and June when the bats have given birth. On the
campus of UENR, there are a population of Straw-colored fruit bats, amazingly their only
predators are crows, Pied crow. Bat predation was excellent due to the absence of foliage where
a group of eight crows perched approximately 10 m high, at the edge of the woods during my
personal observation. Based on size and relative species abundances of bats, the bats flew jerking
in different directions, approximately 5-7 m above the ground, eluding capture by 1-3 crows that
chase them at a time. Each time crows approached closely the bat dropped in altitude,
effectively evading them. However, the offtake, in terms of predation is high on the weak and
fragile young ones who are mostly too weak to fly.

Bats have an amazing ability to use radar to avoid obstacles as well as predators, but there are
some predators who have them figured out. Some crow swoop suddenly out of nowhere,
grabbing bats in flight before the bats can react, however, others wait until daylight when the
bats are sleeping to attack them in their roosts picking the young and weak ones in the
population. In all, the actions that tend to limit the populations (Skogland 1991) such as any
mortality factor that can reduce the rate of population increase (Ballard et al. 2001) can stabilize
the population. Numerically, increase in population numbers can respond in a state where
predator numbers can increase in response to prey abundance which may be from reproduction
or immigration (Knowlton and Stoddart 1992).

In these two systems of equations...... (1) and....... (2), model parameters are allowed to vary to
see how the model solution may change. Parameters that affect the prey (bat) population and
predator (crow) population are made to vary to see how this may affect the solution of the system
of equations.

Hartman-Grobman was used to conclude on the stability based on the nature of the eigen values
of the system. For the equilibrium point at (0,0) the center manifold theory was applied since the
Hartman-Grobman failed. It confirmed that at the equilibrium point (0,0), the system was stable
since A1 < 0 and A2 < 0. The equilibrium points for (B2, H2) to (Ba, Ha) gave eigen values as either
A <0, k2> 0orA> 0, A2< 0. This concludes the system as unstable at these equilibrium points.

6. CONCLUSION

The stability analysis shows that the system will only be stable at the point when B* = 0, H" = 0.
At all other equilibrium points the system will be unstable. The population of the prey (bats) will
be in abundance causing the population of the crows to decrease. This can be confirmed on the
University of Energy and Natural Resources campus Sunyani where the increasing population of
prey (Bats) is causing the decrease in the population of predators (Pied Crows).

7. RECOMMENDATION
It is therefore recommended that bifurcation analysis can be applied in any predator prey
relationship to predict stability in an ecosystem.
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